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Abstract: We study in detail the ADHM construction of U{N) instantons on noncommu- 
tative Euclidean space-time R^,^ and noncommutative space R^q x R^. We point out that 
the completeness condition in the ADHM construction could be invalidated in certain circum- 
stances. When this happens, regular instanton configuration may not exist even if the ADHM 
constraints are satisfied. Some of the existing solutions in the literature indeed violate the com- 
pleteness condition and hence are not correct. We present alternative solutions for these cases. 
In particular, we show for the first time how to construct explicitly regular U{N) instanton 
solutions on R^c and on R^,^ x R^. We also give a simple general argument based on the 
Corrigan's identity that the topological charge of noncommutative regular instantons is always 
an integer. 
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1. Introduction 

There has been a lot of interest in gauge theories on noncommutative spaces. One of the 
reasons for this interest is the natural appearance of noncommutativity [x'*,a:'^] = i6^" in 
the framework of string theory and D-branes [1-4]. Noncommutative gauge theories are also 
fascinating on their own right [5], mostly due to a mixing between the infrared (IR) and 
the ultraviolet (UV) degrees of freedom discovered in [6]. While UV/IR mixing arises at the 
perturbative level, it has been suggested that a resolution of it may lie at the nonperturbative 
level by resumming nonplanar diagrams at all loops [6-9]. In gauge theories, one would also 
need to take into account the effects of noncommutative instantons on the IR physics [10-12]. 
Noncommutative instantons play an essential role in the understanding of the nonperturbative 
physics of noncommutative gauge theories. In fact, the considerations in e.g. [11] require the 
existence of non-singular noncommutative instanton configurations. The objective of this paper 
is to show that such instanton solutions can always be constructed for both space-time and 
space-space noncommutativity. 

Employing the formalism Atiyah, Drinfeld, Hitchin and Manin (ADHM) [13], Nekrasov 
and Schwarz constructed [14] the first (singular) instanton on noncommutative R^. They 
showed that the ADHM constraints are modified by the noncommutativity. Solving the ADHM 
constraints, they obtained an anti-selfdual configuration whose singularity at short distances 
is regulated by the noncommutative scale. Following this pioneering work, the role of the 
projectors in the noncommutative ADHM construction was then clarified in a series of papers 
by Furuuchi [15-17]. Other related works appeared in [18-26]. 

As will be discussed in §3 two important elements in the ADHM construction are the 
factorization condition (3.15) and the completeness relation (3.16). It is well known that the 
factorization condition amounts to the famous ADHM constraints. As it was shown in the 
original work of Nekrasov and Schwarz [14] , the same is true in the noncommutative case and 
the ADHM constraints are modified in a relatively simple manner when noncommutativity is 
turned on. Solving the noncommutative ADHM constraints has been the focus in the literature 
since the work of [14]. However, while the completeness relation is always guaranteed to hold in 
the commutative case, it is no longer so when one turns on noncommutativity. The breakdown 
of this completeness relation is closely related to the fact that some states are often projected 
out in the construction of the non-singular noncommutative instantons. 

It will turn out that the completeness relation can always be satisfied for the case of space- 
time noncommutativity and regular instanton solutions can be found. However, in the earlier 
version of this paper we have met an obstacle in finding non-singular instanton configurations in 
the case of space-space noncommutativity due to the breakdown of the completeness relation. 
Subsequently, it was proposed in [26] that non-singular solutions with space-space noncommuta- 



1 



tivity can be constructed in the formalism where no states are projected out. In this formahsm 
the completeness relation is always satisfied, but the resulting instanton solutions appear to be 
singular. Motivated by the fact that the singularities disappeared in certain gauge-invariant 
quantities, the authors of [26] conjectured that these singularities can always be removed by 
gauge transformations and regular instanton solutions do exist. In what follows we will prove 
that this is indeed the case by constructing these non-singular solutions explicitly. 

The paper is organized as follows. In §2 we give a basic review of the properties of noncom- 
mutative space-time. In particular wc consider two cases: (1) the noncommutative Euclidean 
space-time R^c with selfdual (SD-6'), and (2) the noncommutative space R^c ^ 

In §3 we review and discuss the ADHM construction of noncommutative instantons. In 
§3.2 we focus on discussing the factorization condition and the completeness relation. We show 
that the factorization condition amounts to the modified ADHM constraints and we find that 
solutions of the ADHM constraints do not necessarily guarantee the completeness relation. It 
is an independent condition and we give a necessary and sufficient condition (3.36) for the 
completeness relation to be valid. In §3.3, we use the Corrigan's identity to give a general 
argument that the topological charge of a noncommutative instanton is always an integer, 
\Q\ = k. 

We then turn our attention to explicit examples to illustrate these points. In §4 the 
construction of single instanton configurations on R^c and R^c x R^ is studied. We 

show that anti-selfdual (ASD) ADHM instantons exist on R^q with SD-^, but not the SD- 
instantons. Explicit non-singular ASD instantons are found using the formalism where certain 
states from the Hilbert space are projected out. For the case of R^,-. x R^, we find that the 
completeness relation is violated in this formalism. We then modify our approach and describe 
a construction on R^c ^ R^ where no states are projected out, the completeness relation holds 
and regular instanton solutions can be found explicitly. The same is true for higher U (N) . In §5 
we study the ASD U{1) two- instanton solution. The topological charge is computed directly and 
is found to be an integer, Q = —2. Our result is different from a previous analysis [20]-versions 
1-3, which reported a non-integral topological charge. 

In §6 we consider a general U{N) gauge group and construct ASD and SD instantons 
on SD-R^Q and instantons on R^^ ^ R^- the case of ASD instanton, we find that the 
existing ansatz in the literature does not satisfy the completeness relation. Quite amazingly, 
an alternative ansatz (6.18) can be found, which docs not contain an overall factor of the shift 
operator u'^ as in the original ansatz (6.15), but satisfies the completeness relation and leads to a 
regular instanton solution. The topological charge of the ASD 1-instanton solution is explicitly 
computed and found to be equal to minus one. For the case of SD-instanton, the solution is 
regular and there is no need to introduce any projector. We also note that at large distances (or 
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in the small noncommutativity limit) the SD/SD instanton approaches the regular-gauge BPST 
instanton, while the ASD/SD instanton tends to the singular-gauge BPST anti- instanton. 



2. Noncommutative R' 



We will work in fiat Euclidean space-time with noncommutative coordinates x"* which 
satisfy the commutation relations 



(2.1) 



where m,n — 1,2,3,4 are the Euclidean Lorentz indices and 9'^'" is an antisymmetric real 
constant matrix. Using Euclidean space-time rotations, can be always brought to the form 

/ \ 

-6^^ 




9' 



\ 



-9^^ 



X2 — IXi , 
X4 - 1X3 , 



In terms of complex coordinates 

Zi^ X2 + ixi , Zi 
Z2^ X4 + iX3 , Z2 

the commutation relations (2.1) take the form 

[;^l,Zl] = -2^l^ 
[z2,Z2] = -29^\ [z„Zj^,] = 0, 

where i,j = 1, 2 denote the indices for the complex coordinates. 



[Zi, Zj\ 







(2.2) 



(2.3) 



(2.4) 



There are three important cases to consider: 



• When 9^'^ — — 9^'^ all the commutators vanish giving the ordinary commutative R^. 
The corresponding world-volume gauge theory is the commutative gauge theory, and 
instanton solutions are given by the standard ADHM construction [13,30-33]. Recent 
reviews and applications of the ADHM calculus can be found in [34, 35] . 

• When either 9^'^ or 9^'^ vanishes, the matrix is of rank-two. This case corresponds to 
the direct product of the ordinary commutative 2-dimensional space with the noncommu- 
tative 2-dimensional space, R^c x R^. For definiteness we set here 9^^ — and introduce 
the notation 9^^ = — C/2 in such a way that 

[zi, zi] = -C , [z2, ^2] = , [zi, Zj] = . (2.5) 
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Physical applications of this situation involve world-volume gauge theories with noncom- 
mutative space and commutative time.^ 

• A rank- four matrix (with 7^ and 7^ 0) generates the noncommutative 
Euchdean space-time R^c — R-nc ^ R-nc- The corresponding world- volume gauge theory 
has noncommutative (Euclidean) time. Since both components of 9 are non- vanishing, 
they can be made equal, 9^^ — 9^"^ = — C/4, with appropriate rescalings of the four 
coordinates x"^ and, if necessary, a parity transformation.^ Equations (2.4) become 

[zi,zj] = --Sij , [zi,Zj]=0. (2.6) 

In fact, the condition 9^^ = 9^ gives a selfdual (SD) theta, ie""^'^^ = while the 
anti-selfdual (ASD) theta, \e^'^^^9ki = corresponds to = -6*^^. Prom now on 

when discussing the R^c case we will assume the space-time rescaling leading to the 
SD-theta, (2.6).=^ 



The commutation relations (2.5) and (2.6) imply that the space-time coordinates x'^ should 
be thought of as operators acting on a Hilbert space. The operator language and its Hilbert 
space representation will be discussed below in §2.1. In the following sections we will be 
concerned with constructing instanton configurations as the solutions to the operator-valued 
(anti)-selfduality equations (3.3). Following Nckrasov, Schwarz and Puruuchi, [14-17] we will 
use the operator- valued ADHM construction to determine the solutions of (3.3). In items 2 
and 3 above we chose our notation in such a way that 6^"^ + = which will allow us 
to treat both noncommutative cases simultaneously. In §3 and §4 we will review the ADHM 
construction of instantons and point out important subtleties specific to noncommutative cases. 

In order to discuss instanton effects in gauge theories on R^c we require a dictionary 
between the operator- valued ADHM instanton expressions and the ordinary c-number functions 
which are used for the functional integral representation of noncommutative gauge theories. 
This dictionary is provided by the map between the operators and the operator symbols outlined 
in §2.2. 

In the semiclassical approximation to noncommutative gauge theories one expands the ac- 
tion around the minima of the Euclidean action - the noncommutative c-number-instantons 

^It easily follows from (2.2) that the general description of noncommutative 3-dimensional space and com- 
mutative time is given by R^c ^ ■ 

^Physics of noncommutative space-time is determined by f?™" and certainly is not invariant under dilatations 
and parity transformations. However the general case can be always recovered from the simple case 0^^ = 
via opposite rescalings. 

"''The ASD-theta can be obtained from this by a parity transformation of two coordinates. This would also 
change the sign of the selfduality of the instanton configurations in the world- volume gauge theory. 
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- and integrates over the c-number-fluctuations around the instantons. The single-instanton 
integration measure can be in principle determined following the standard commutative instan- 
ton analysis of [36,37] by calculating Jacobians for the change of the integration variables from 
the fields to the instanton collective coordinates. The ADHM measure for 2 noncommutative 
U{1) instantons was derived in [19]. The general all-orders in the instanton number ADHM 
supersymmetric measure was written down in Refs. [11,27]. 



2.1 Operator language 



A Hilbert space representation for the noncommutative geometry (2.5) or (2.6) can be easily 
constructed by using complex variables (2.3) and realizing z and z as creation and annihilation 
operators in the Fock space for simple harmonic oscillators (SHO). The fields in a noncommu- 
tative gauge theory are described by functions of zi,zi,Z2,Z2- In the case of R^c x R-^; the 
arguments Z2 and Z2 are ordinary c-number coordinates, while zi and zi are the creation and 
annihilation operators of a single SHO: 

zi\n) ^^Vn+l\n) , zi\n) = ^/C ^/^\n - 1) . (2.7) 



The noncommutative space-time R^c = -R-nc ^ -E^nc I'cquires two oscillators. The SHO 
Fock space H is spanned by the basis |ni,n2) with ni,n2 > 0: 



Zi\ni,n2) = Y 2 V^-i + l^i + 1,^2) , Z2\ni, ^12) = y § + Ij^ii, ^2 + 1) , 

Zi\ni,n2) = y/nl\ni - l,n2) , Z2\ni,n2) = J ^ ^/n^\nl,n2 - I) . (2.8) 



Derivatives of a function f{zi, zi, Z2, Z2) are defined by 

d^f='^[z,J], dif = -^[z,,f], (2.9) 

and satisfy the standard requirements for f = Zj or f — Zj, as well as the chain rule and the 
useful identity for the derivative of the inverse function: 

dif-' = -r\dif)r' , hr' = -r\hf)r' . (2.10) 

It is convenient to introduce differentials dzi and dzi, which commute with z, z^s and anticom- 
mute with each other, dzidzj = —dzjdzi. We also introduce the (anti-)holomorphic exterior 
derivatives d, d and the total exterior derivative d, 

d = d + 3 , d = dzidi , 8 = dzidi , (2-11) 

which satisfy 

92 = 92 = 0, dd^-dd, d'^^O. (2.12) 
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Nonholomorphic derivatives with respect to x"^ are defined via 



d - 

dx"^—^ = d = 9 + 9 = dz^d^ + dz^di , (2. 13) 



and are expHcitly given by 



d - d 

— = i[di -di) , — = i{d2 - 82) , 

% _ _ (2.14) 

9i + 9i , TT-^ ^ 02 + 82 . 



dx"^ ' dx^ 

We also note that dzidzidz2dz2 = —4 d^x. 

In the complex basis the condition of selfduahty can be easily formulated. A real 2-form F 

F = (oi dzidzi — 02 dz2dz2) + h dzidz2 + b dz2dzi + c dz\dz2 + c dz2dzi (2-15) 
is anti-selfdual iff Oi = 02 and c — c — 0. {F is selfdual iff ai — —02 and 6 = 6 = 0.) 

The integral on R^,-. is defined by the operator trace, 

y"d^x=(27r)2Vdit^Tr = (^)'Tr. (2.16) 

In the ordinary commutative case the integral of the total derivative of a regular function 
vanishes when the function falls off fast enough at infinity. In the noncommutative case the 
integral of a total derivative is the trace of a commutator. It vanishes only when the trace 
of each term in the commutator is individually well-defined (finite). Hence, similarly to the 
commutative case, we see that J d'^x d^K'^ can receive non-vanishing contributions from the 
'boundary of integration'. 

2.2 Operator symbols 

Operator symbols are ordinary c-number functions which provide an alternative to the operator 
language. Using operator symbols, the fields of a noncommutative gauge theory are viewed as 
ordinary c-number functions which are multiplied using the star-product: 

($ * m){x) = $(x)e5"-^^(x) , (2.17) 

where here dm denotes d/dx"\ This is achieved for each of the R^c factors in R^c ^ 
R^c = NCR^ X Rnc via a one-to-one map Q from the operators on R^c to the c-numbcr 
operator symbols on R^. This map can be defined [16] via an inverse normal ordered Fourier 
transform, 

n : 4>ix) ^ Hx) = j ^e^'"/ d^x : 6-^^=^ : 0(x) , (2.18) 
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where hats denote operator quantities, J cPx is the normahzed operator trace 2tx\9\ Tr, and 
: e^^^ : stands for the normal ordered exponent. This expression for the operator symbol is 
particularly transparent in the coherent state basis: 

Q : fel) ^ = , (2.19) 

where \z) and {z\ denote normalized coherent states, 

z\z)^z\z), {z\z^{z\z, = 1 , (2.20) 

and 

(^1 : e'^^ : \z) = e**=^ . (2.21) 

Useful examples of this correspondence include the expressions for the operator symbols of the 
Fock states projectors, 

Q : \m){n\ ^ -L f ^ ( -^J] e-^^'/l^l , (2.22) 

and the coherent states projectors, 

n : \w){w\ e-^i^-^^i-^-^^m . (2.23) 



Using the dictionary above outlined, we can easily turn operator-valued expressions into 
ordinary functions. As already mentioned, this is an important requirement for the functional 
integral representation of noncommutative gauge theories, which uses ordinary functions (albeit 
multiplied using the star- product) . The map between the operators and the operator symbols 
provides the link between the ADHM instantons and their semiclassical contributions. 



3. ADHM construction of instantons 



In this section we describe the construction of instantons due to Atiyah, Drinfeld, Hitchin and 
Manin (ADHM) [13], which was first apphed to noncommutative gauge theories by Nekrasov 
and Schwarz [14]. The commutative ADHM construction was also discussed in Refs. [30-35, 
38-40]. Here we follow the U{N) formalism of Refs. [34,35]. 

Consider a pure U{N) gauge theory formulated on a generic noncommutative Euclidean 
space (it can be R^q or R^q x R^). The action in the operator language is given by 

S[A] = --^ [ d^xTV^vi^mAn , (3.1) 
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where F„in is the field strength Fmn — dm-^n — dn-^m + [^m,^n]- The topological charge Q is 
defined by 

Q = j d^xTlNFmnFmn = J d^X d^K^ , (3.2) 

where Fmn — \^mnkiFki and we used the well-known fact that Ti^FmnFmn can be written as a 
total derivative. In the ordinary commutative case the topological charge is an integer equal 
to the winding number of the map S^. Here the first is the boundary at infinity 

of the space-time R^, and the second is an SU{2) subgroup of the gauge group U{N). 
The A;-instanton configuration is then defined as the general solution of the (anti) -self duality 
equation 

F"^" = i^e^^^'^'Ffei (3.3) 

in the topological sector Q = k. Instantons automatically solve the nonabelian Maxwell equa- 
tions thanks to the Jacobi identity and, hence, give local minima of the Euclidean action (3.1): 

^inst = ^ . (3.4) 

We will see that the topological charge calculated on instanton configurations in noncommu- 
tative U{N) gauge theories is still an integer"^ for all values of > 1. For N > 2 one might 
conjecture that this result still has topological origins: first, express Q as an integral of the 
total derivative dmK"\ and, second, use the c-number operator symbols to evaluate K™-. With 
an additional assumption that there are no singularities in K'^ at finite values of x, one would 
conclude that Q receives contributions only from the sphere at spatial infinity, where non- 
commutativity is irrelevant and Q is an integer. This argument, however, does not explain why 
Q is an integer for U{1). 

When discussing instantons it is very convenient to introduce a quaternionic notation for 
the four- dimensional Euclidean space-time indices 

•^[2]x[2] = ^aa — •^n^nad i ■^[2]y.[2] = X — XjiCT^ , (3-5) 



^There was some confusion in the literature concerning this issue. In [16] Furuuchi argued that the topological 
charge of noncommutative U (1) instantons must be integer, however Kim, Lee and Yang in [20]-versions 1-3 have 
calculated Q explicitly for the 2-instanton in (7(1) and got a non- integer result. They also obtained non- integer 
expressions for Q using a U (2) instanton. After the present paper appeared they have redone their calculations 
in [20]-version 4 obtaining results which now agree with ours. In addition, the authors of [23] showed that the 
noncommutative version of 't Hooft ansatz, previously introduced in [14], does not give a sclfdual configuration, 
and, hence, its topological charge is not an integer. An alternative solution presented in [23] does have an 
integer Q, but at the cost of introducing a non-Hermitian field-strength. Below we will give a general argument 
that for all values of N the topological charge of the noncommutative U{N) instanton is integer and, moreover, 
equal to the instanton number k. Then in the following sections we also provide explicit calculations of Q at 
the 1- and 2-instanton level, finding integer results. 
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where anaa are the components of four 2x2 matrices (T„ = (ir, Ipixpi), and r'^, c — 1,2,3 are 
the three Pauh matrices. In addition we define the Hermitian conjugate matrices an = crl^ — 
{—if, l[2]x[2]) with components o"^".^ In terms of the complex coordinates (2.3) we have 



The tensor 



A\ maa n naa m I 2 '"mn 

is selfdual, \emnki(^ki = CTmn, while 

d — 1/ — da— Z1.CX.Q. — \ 1 '—a _a 



is anti-selfdual, \tmnki(^ki = —o'mn- Here r/^^ and f/^^ are the standard 't Hooft ?7-symbols. 



3.1 The gauge field and the field strength 

The basic object in the ADHM construction of selfdual A:-instantons (SD-instantons) is the 
(A^ + 2k) X 2k complex- valued matrix ^[N+ik]^[2k\ which is taken to be linear in the space-time 
variable a;„:^ 

SD instanton : ^[N+2k]x\2k]{x) = ^[N+2k]xik]xi2]{x) — 0[jv+2fc]x[fc]x[2] + &[jv+2fc]x[fc]xp^ -^Pixp] ■ (3-9) 

Here we have represented the [2k] index set as a product of two index sets [k] x [2] and used a 
quaternionic representation of Xn as in (3.5). By counting the number of bosonic zero modes, 
we will soon verify that k in Eq. (3.9) is indeed the instanton number, while N is the number 
of colours of the gauge group U{N). We further choose a representation in which b assumes a 
simple canonical form [30]: 

, _ fOlN]x[2k]\ _ fW[i^]xl2k]\ 

f^[Af+2fe] X [2fc] — 1 ^ I ) ".[JV+2fe]x[2fe] — 1 / I ■ l^O.iUJ 

\^[2k]x[2k]/ \^[2fc]x[2fc]/ 

As discussed below, the complex-valued constant matrix a in Eq. (3.9) constitutes a (highly 
overcomplete) set of collective coordinates on the instanton moduh space Tlk- 

The matrix A used for the construction of the anti-selfdual instanton (ASD instanton) is 
given by 

ASD instanton : ^[N+2k]x[2k]{x) = ^[N+2k]x[k]x[2]{x) — (i[N+2k]x[k]x[2] + ^'[iv+2fc]x[/c]xp] ^pjxp] ■ (3-11) 

^Notice that the spinor indices a, a = 1,2 are raised and lowered with the e-tensor: a;"" = e"^e"^'a;^^. 

^For clarity, in this section, we will occasionally show matrix sizes explicitly, e.g. the U (N) gauge field will 
be denoted A„[jv] ^ [«] . To represent matrix multiplication in this notation we will underline contracted indices: 
(^-S)[aix[oi = ^[aix[b] -S[6]x[c]- Also wc adopt the shorthand = XmYn - XnYm- 
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It follows from the definitions that for the SD instanton 9„A = ban, whereas for the ASD 
instanton dnA — b&n- 

For generic x, the null-space of the Hermitian conjugate matrix A{x) is iV-dimensional, as 
it has N fewer rows than columns. The basis vectors for this null-space can be assembled into 
an {N + 2k) x N dimensional complex- valued matrix U 

^[2fc] X [iV+2fc] U[N+2k] X [N] = = U[N\ x [N+2k\ ^ [JV+2fc] x [2fc] ) (3-12) 

where U is orthonormalized according to 

^[JV] X [N+2k] UjN+lk] X [iV] — l[JV]X[iV] ■ (3.13) 

In turn, the classical ADHM gauge field An is constructed from U as follows: 

^ra[iVlx[JV] = U [N] X [N+2k] dn U [N+2k] X [N] ■ 

(3.14) 

Note first that for the special case A; = 0, the gauge configuration An defined by (3.14) is a "pure 
gauge" so that it automatically solves the self duality equation (3.3) in the vacuum sector. The 
ADHM ansatz is that Eq. (3.14) continues to give a solution to Eq. (3.3), even for nonzero k. As 
we shall see, this requires two additional conditions. The first one is the so-called factorization 
condition: 

[2] X [fc] X [iV+2fc] A [iV+2fc] X [fc] X [2] = l[2]x[2]/[fc]x[fc] ) (3.15) 

where / is an arbitrary x-dependent kxk dimensional Hermitian matrix. The second condition 
is the so-called completeness relation: 

1 [JV+2fc] X [JV+2fc] — A[JV+2fc]x|fc]^Xp]^/|fc[X|fc[^p[x|fc]^x[JV+2fc] + UlN+2k] X [N] UjN] X [N+2k] ■ (3.16) 

Note that both terms on the right hand side of (3.16) are Hermitian projection operators 

P[N+2k]x[N+2k] = ^[JV+2)t] x|fclxp^/[fc2x W^M^IM^I^+^^l ' 'P[N+2k]x[N+2k] = U[N+2k] x [N] U[N\ x [N+2k\ ■ 

(3.17) 

Both conditions, (3.15) and (3.16), will be investigated below in §3.2. With the above rela- 
tions together with integrations by parts, the expression for the field strength for the SD 
instanton may be elaborated as follows: 

- dymUM^dn^U = Ud[mAfdn]AU = Uba[man]fbU = mamnfhU . 
Self duality of the field strength then follows automatically from (3.7). 



(3.18) 



For the ASD instanton field strength we get: 

Fmn = Ud[n,Afdn]AU = Uba^mCJn]fhU = AUbamnfiU , (3.19) 

which is anti-sclfdual due to (3.8). 

^Throughout this, and other sections, an overbar means hermitian conjugation: A = A'''. 
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3.2 Constraints and projectors 



We have seen that the ADHM construction for U {N) makes essential use of matrices of various 
sizes: {N + 2k) x N matrices U, {N + 2k) x 2k matrices A, a and b, k x k matrices /, and 2x2 
matrices anaa, o'n"', ^aa, etc. Accordingly, we introduce a variety of index assignments: 



Instanton number indices [k] 
Color indices [N] 
ADHM indices [N + 2k] 
Quaternionic (Weyl) indices [2] 
Lorentz indices [4] 



'i-<iJ:l:---<k 
l<u,v,...<N 
l<X,H,...<N + 2k 
a, P, a, P, ... — 1,2 
■m,n, ... — 0,1,2,3 



No extra notation is required for the 2k dimensional column index attached to A, a and b, since 
it can be factored as [2k] = [k] x [2] = jP, etc., as in Eq. (3.9). With these index conventions, 
Eq. (3.9) for the SD instanton reads 

SD instanton : A^iaix) = axia + b'^^i^aa , ^f^{x) = + x"" 6^ , (3.20) 

while the factorization condition (3.15) becomes 

Af A,,^ = . (3.21) 

Notice that by definition Af^ = (Axia)*- 

Factorization condition and ADHM constraints 

We can make the canonical form (3.10) a little more explicit with a convenient representa- 
tion of the index set [N + 2k] . We decompose each ADHM index A e [iV + 2k] into® 

X^u + ia, l<u<N, l<i<k, a ^1,2. (3.22) 

In other words, the top N x2k submatrices in Eq. (3.10) have rows indexed hy u E [N], whereas 
the bottom 2k x 2k submatrices have rows indexed by the pair ia e [k] x [2]. Equation (3.10) 
then becomes 

O-Xja — 0-(u+ia)jd ~ { / / \ ] ■> (3.23a) 
\Ka)ijJ 

-af = """'"^ = « , (3.23b) 

= J , (3.23c) 

^A = ^;r=(0 ■ (3-23d) 



^The Wcyl index a in this decomposition is raised and lowered with the c tensor as always, whereas for the 
[N\ and [k] indices u and i there is no distinction between upper and lower indices. 
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Combining Eqs. (3.20)-(3.23d), and noting that fij{x) is arbitrary, one extracts the x-independent 



conditions on the matrix a: 

SD instanton : t"^ ^{a^a^)ij - Sijfj^J"''' = (3.24a) 
{a'J = a'^ . (3.24b) 

In Eq. (3.24a) there are three separate equations since we have contracted aPa^ with any of 
the three Pauh matrices, while in Eq. (3.24b) we have decomposed {a'ad^ij ^^^d ('^'"")ij our 
usual quaternionic basis of spin matrices: 

Ka)ij = K)ii^naa , (a"^"),, = K)ij^T ■ (3-25) 



The three conditions (3.24a) are the modified ADHM constraints for the SD instanton. When 
Qmn _ Q -gqg (^3 24a) give the standard commutative ADHM constraints [30,31]. When non- 
commutativity is present, the SD instanton constraints are modified by the ASD component 
of 9. Thus, the ADHM constraints for the SD instanton in the SD-^ background on R^c are 
unmodified, 

r'="^(a^ac,)i,- = . (3.26) 

At the same time, the constraints for the SD instanton in noncommutative space R^,-. x R^ 
are modified, 

r^"^(a^a^),,-5,,5'=3^ = 0. (3.27) 

The ASD instanton constraints follow from solving the same factorization condition (3.15) 
with the matrix A given by (3.11). In this case the ADHM constraints are modified by the SD 
component of 9, 

ASD instanton : t"^ p{a^aa)ij - Sijrj^J"''' = (3.28a) 
{a'J = a; . (3.28b) 

From (3.28a) it follows that the constraints for the ASD instanton in the SD-^ background on 
R^C) and for the ASD instanton in noncommutative space R^c ^ are modified in the same 
way: 

r'="^(aV)i,-M''C = 0. (3.29) 

The ADHM constraints define a set of coupled quadratic conditions on the matrix elements 
of a which have to be solved in order to determine each SD fc-instanton solution explicitly. The 
elements of the matrix a comprise the collective coordinates for the A;-instanton gauge configu- 
ration. Clearly the number of independent such elements grows as k"^, even after accounting for 
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the constraints. In contrast, the number of physical collective coordinates should equal AkN 
which scales linearly with k. It follows that a constitutes a highly redundant set of parameters. 
Much of this redundancy can be eliminated by noting that the ADHM construction with b in 
the canonical form (3.10) is unaffected by ^-independent transformations of the form: 



^[JV+2fe]x[2fe] I rv T/f J ^[Af+2fc]x[2fe]'^[2fc]x[2fc] 

^[N]x[2k] ^[2fc]x[2fc] 



where W[2fc]x[2fc] = ^ij^'d ^ U(A;). In terms of w and a', this U{k) symmetry transforma- 

tion acts as 



Wuia WujcMji , Waa)ij ^ '^ikWad) " (3.31) 



Prom now on, we will take the basic ADHM variables to be the complex quantities Wuia, 
where ty^ = (wuice)*, and the four k x k Hermitian matrices a'^. Now we can count the 
independent collective coordinate degrees of freedom of the ADHM fc-instanton. The matrix 
Wuia contributes 4kN real degrees of freedom and Hermitian matrices give Ak"^. The ADHM 
conditions (3.29) impose 3A;^ real constraints, and modding out by the U{k) symmetry group 
removes further A;^ degrees of freedom. In total we have precisely 4Nk real degrees of freedom 
left, which is precisely the expected number of independent /c-instanton collective coordinates. 
Of these it is easy to identify four coordinates which correspond to instanton translations X^. 

SD instanton : 0[^_|_2fc]x[fc]x[2] = ^'[iv+2fc]x[/c]xp] ^p]x[2] ^ (3 32) 

ASD instanton : ci[N+2k]xik]xi2] — ^'[iv+2fcix[fc]xp] ^pjxp] ■ 

as is obvious from (3.9) and (3.11). 



Completeness relation 

We can now study the completeness relation (3.16). This relation is automatic in the 
standard commutative case, but we will point out that there are subtleties in the noncommu- 
tative case, where x itself is an operator. In the noncommutative case the Hermitian projector 
P — A/A defined in (3.17) is an [N + 2k] x [N + 2k] matrix of operators on a Fock space H 

P , 7^^f+2fe ^ p^iv+2fc ^ ^N+2k ^3 33^ 

We start by considering the eigenvalue problem for P. Since P is a Hermitian projection 
operator, P'^ = P and PP — P, all its eigenvalues are either equal to zero or equal to one. Let 
1^^) and l^'') denote the normalized zero- mode and non-zero-mode eigenstates of P: 

P|^f) = , l^f) e n^+'^'' , (^^1^") = 6'^" , (3.34a) 
P|$'-) = 1$'-) , 1$'-) e U^^'^^ , = ■ (3.34b) 
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Now, since the set of all eigenstates of a Hermitian operator is complete we can write 



P 

The second line in (3.35) follows from the fact that all non-zero eigenvalues of P = A/A are 
equal to one. 

The ADHM relation (3.16) will follow from (3.35) if and only if all the zero-mode eigenstates 
of P can be written as: 

.)} , (3-36) 

where |s„) are arbitrary normalized states in Ti. If the requirement (3.36) holds, then |\E'*') (\1'^ 
UU and the completeness relation (3.16) follows. If (3.36) does not hold, we cannot use (3.16) 
and the ADHM construction of (A)SD field strengths necessarily breaks down. 

Note that the condition (3.36) is not automatic. While it is always true that a state U\s) 7^ 
is necessarily a normalized zero-mode eigenstate of P = A/A (this follows from (3.12)-(3.13)), 
it is not generally correct to assume that each zero mode can be represented in this way. In 
the following sections we will analyse (3.36) and (3.16) for various explicit noncommutative 
instanton solutions. 



3.3 Topological chcirge and Corrigan's identity 

The topological charge of the SD ADHM /c-instanton is given by 

Q = / C?^a; Tr AT Pmn^mn , (3.37) 



167r2 _ 

where the SD field strength is given by 

Fmn = Uba[m^ri]fbU . (3.38) 

The integral in (3.37) can be evaluated in general thanks to a remarkable Corrigan's identity: 

Tr r^FrnnFmn = \dnd^l^ham{V + l)a^6/ , (3.39) 

where Tr means a trace over both U{N) and ADHM indices and V = 1 — A/A was defined 
in (3.17). The relation (3.39) was first derived in the commutative case in [32]. A brute-force 
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proof of (3.39) in the commutative SU{2) case which appeared in Appendix C2 of [38] can be 
directly apphed to the noncommutative U {N) construction. 

Thanks to (3.39) Q is the integral of a total derivative, hence the straightforward way to 
evaluate it is to map the operator- valued expressions to the operator symbols and saturate the 
integral on the boundary. As always instanton configurations which are relevant to semiclas- 
sical functional integral applications are either regular or are gauge equivalent to the regular 
configurations. Thus, since (3.39) is gauge invariant due to Tr, we can assume that the expres- 
sion |9"Tr6(Tm(P + l)d-mbf contains no singularities at finite values of x. Hence, Q receives 
contributions solely from the boundary at infinity, 

Q = Y^^27r2 • 2 Tr 6a^(Poo + l)^mb = k . (3.40) 
In deriving (3.40) we used the following asymptotics: 

A ^ bx , fij ^6ij , V ^ I - bb = Voo , as |a;| ^ oo. (3-41) 

Thus, we conclude that the topological charge of the noncommutative SD ADHM /c-instanton 
is always equal to k. An almost identical calculation for the ASD A;-instanton gives Q = —k. 
It is remarkable that the fact that the topological charge is an integer and is equal to ±k is 
basically an algebraic statement encoded in the structure of the ADHM matrices even in the 
noncommutative case. We would like to stress that this general result is independent of the 
rank of 9 and applies equally well to the case of space-space noncommutativity. In the following 
sections we will evaluate topological charges of some simple instanton solutions without making 
use of this powerful argument. 



4. U(l) single-instanton solution 



In this section we analyse in detail an explicit construction of the ASD single instanton solution 
in the noncommutative U{1) gauge theory. Singular U (1) instantons on R^,-. were first discussed 
in [14], and the regular solutions were constructed in [15, 16]. Here we will treat the two 
noncommutative backgrounds: (1) SD-^ on R^C) (2) Rnc ^ parallel. In case (1) 

regular ADHM solutions will be constructed with the use of a shift operator u'' required to 
project out certain states from the Hilbert space, while in case (2) we will see that one should 
not project out any states. 

The ADHM matrix A for the ASD instanton (3.11) which satisfies the modified ADHM 
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constraints (3.28b), (3.29) is given by: 

Z2-Z2 zi- Zi\ 
-{zi - Zi) {Z2 - Z2)) ■ ^ ' ' 

The expressions above are written in the complex coordinates ^1, 2:1, ^2 

basis (3.5). The 

translational collective coordinates of the instanton, Zi, Z2, Zi, Z^-, are c-numbers. Equation 
(4.1) gives the general solution to the constraints (3.28b), (3.29), and the C/(l) instanton moduli 
space is simply the which is spanned by Zi, Z^-, ^1, ^2, or equivalently, of (3.32). Prom 
now on we will always set these overall translations of the instanton to zero, Z^ — Z^ — Zx — 

^2 = 0. 

The factorization condition (3.15) is then automatically satisfied and 

/ = 7 ^ • (4-2) 

The final step in the ADHM set-up is the construction of the normalized matrix U such that 
Af/ = and lJU = 1, as required by (3. 12), (3. 13), and the expression for the gauge field will 
follow from (3.14). The (unnormalized) solution Uq is easy to find: 




Uo = -VCz2 \ , AC/o = . (4.3) 

V -vczi J 

The problem is that Uq is not straightforwardly normalizable. 
4.1 

Let us start with R^c space with SD 9. It is easy to see that Uq annihilates the vacuum,^ 
Uo\0, 0) = 0. In order to find the normalized expression for U, the vacuum state |0, 0) has to be 
projected out. An elegant realization of this idea was proposed in [16]. First define a projector 
p— 1 — \0, 0)(0, 0|. Then the normalized matrix U can be determined via 

U = Uo(3pU^ , UU =1 , (4.4) 

where (3p is the normalization factor, 

= P r- P = P /, - -^] - - ' (^■^) 

JuIUq V (^1^1 + ^2^2)(^l2;i + Z2Z2 + C) 



^For an instanton centered at {Z\, Z2,Z\, Z2) the annihilated state will be the corresponding coherent state 
\Zi,Z2). 
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and nJ is a shift operator which projects out the vacuum: 

: H ^ pH , u : pH -^H , , , 

tit t t (4-6) 

uu^ — 1 , u^u — p , pu^ — u\ up — u . 

Due to the factors of p in the definition of I3p which projects out the dangerous vacuum state, 
the right hand side of (4.5) is not singular and weU-defined. 

It is also straightforward to check that the ADHM completeness relation (3.16) is satisfied, 
1 — UU — A/A, and the field-strength Fmn is in fact anti-selfdual. The topological charge Q 
can be now calculated as a trace on the Hilbert space. The result is [14, 16] 

1 °° 1 
n = _4 V = = -4T = = -1 

(4.7) 

in agreement with the general argument of the previous section §3.3 that \Q\ = k. An alternative 
calculation from [16] evaluates Q = —1 hy integrating over the c-number operator symbols. 

To summarize: the gauge- field ASD instanton configuration resulting from (4.4), is a local 
minimum of the action in the U{1) theory on R^c with the SD-^. The instanton action is 
'S'inst — ^'^'^/g'^: and the topological charge is Q = — 1. The instanton configuration is perfectly 
regular and can be expanded around in the functional integral, leading to quantum instanton 
contributions in the U{1) theory in the SD-9 background. At the same time the self-dual 
ADHM U{1) instanton in a SD-^^ background does not exist as the corresponding unmodified 
ADHM constraints have no non-trivial solution for = 1. 



4.2 R^c X 

We now consider R^q x R^ space. The matrix Uq in (4.3) annihilates the vacuum state |0) of 
R^Q at the point Z2 = — Z2- This is the crucial difference from the unconditional annihilation 
of a state in the previous example. 

Let us first try to follow the same route as in §4.1 and normalize U by projecting out the 
offending state. We will see momentarily that this approach will fail since the completeness 
relation will be violated, leading to a gauge configuration which is not anti-self-dual. However, 
it will turn out that on R^c regular anti-self-dual instantons can be constructed without 
projecting out any states. 

To see this we first introduce a projector p = 1 — |0)(0|, and define the normalized matrix 
U via (4.4)-(4.6). A straightforward calculation shows that the ADHM completeness relation 
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(3.16) is not satisfied, and, hence, the field-strength Fmn is not anti-selfdual. In fact, let us 
check the relation, 1 — UU — A/A, for the 11-matrix element: 

(A/A)n = - J - > (^-^^ 

ZlZi + Z2Z2 + C 

(1-C/C7)n-(A/A)n = ^%|0)(0|. 

The last line is non-zero everywhere except at the origin Z2 = Z2 = 0. This, of course, invalidates 
the ADHM construction. Since this point is important, it is worthwhile to see more explicitly 
how the sum of the two orthogonal projectors P and V fails to span the whole Hilbert space. 
Consider the normalized state 




(4.9) 



It is easy to check that 



In fact 



V\^)^0, P|V')7^|V')- (4.10) 



C(C + ^2^2)-^|0) 

= I VCHC + ^2^2)~'|0) I 7^ 1^/^) unless ^2 = - Z2. (4.11) 
Therefore we see that the orthogonal projectors P and V do not span the whole Hilbert space. 



Now we ask what happens if we do not subtract the vacuum state. In this case the ADHM 
matrix IIq is normalizable for all values of Z2 and Z2 except at the origin Z2 — — Z2- The 
resulting gauge field configuration is singular at Z2 — — Z2- This singularity is of the form 
0sing(3:3, xi) • |0)(0| and is much more severe than the well-known point-like singularity of the 
commutative instanton in the singular gauge. The c-number operator symbol gauge field will 
contain a term 0smg(a^3j a:4)e~^^i+^2)/'', which is singular at X3 = = X/i on the whole (a;i,a;2)- 
plane, as follows from (2.22). The idea that this singularity is a gauge artifact was recently put 
forward in [26] based on the observation that TrF" is non-singular. 

We will now prove explictly that this singularity can be removed by a singular gauge 
transformation g and a regular instanton can indeed be constructed. The normahzed ADHM 
matrix U which gives a regular U(l) instanton reads 

C7C/ = 1, (4.12) 
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where IIq is given by (4.3), /? is the normahzation factor 



/g= ,1 _ =, (4.13) 

y/iZiZi + Z2Z2){ZiZi + Z2Z2 + Q 



and 

Z2 

7 + 

n>0 



g'^\0){Q\^ + Y,\n){n\. (4.14) 



Note an important difference with (4.4): no shift operator has been introduced in (4.12), is 
a true gauge transformation, 

g^g = l=gg^, (4.15) 

and no states have been projected out from the Hilbert space. Consequently, the definition of 
(3 (4.13) does not contain any projector. 

The corresponding ASD field strength is now easily computed using (3.19) and is given by 

^ — 9PC [{^2/^2 — Zifzi){dzidzi — dz2dz2) + 2zifz2dzidz2 + 2z2fzidz2dzi\ Pg^ (4-16) 
= gF'g^ , 

with / defined in (4.2). Note that the operator F' is singular^°, in fact < 0\F!^^ and F^^\0 > are 
not well defined at Z2 = = Z2- The singular parts are given by 

\^2\ C, \Z2\ 

Correspondingly, the leading singularity in the gauge field one-form is of the type 

The role of g is now clear: it is a singular gauge transformation which removes singularities 
from F'^^'^g and A'^'""^, 



gFfa' = ^|o)(i| , ^F-"V = ^|i)(o| . (4.19) 



At the same time no new singularities are introduced. Hence, we have constructed a regular 
instanton solution with a space-space noncommutativity. 

The topological charge of this instanton is guaranteed to be equal to minus one as a 
straightforward consequence of the Corrigan's identity (3.40). 

^°F' was first written down in [26]. 
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5. U(l) two-instanton solution 



5.1 



NC 



In this section we study the ADHM 2-instanton solution in the U{1) gauge theory on Rnc- 
The general 2-instanton solution was first studied in [19]. The ADHM matrix A for the ASD 
instanton (3.11) which satisfies the modified ADHM constraints (3. 28b), (3. 29) is given by: 



fy/CVT^ Z2-62 

y/CVT+b 
-(^i-C 

su/^ 

V a 



^ y a 
Z2 + 52 





zi - Si -Si 
zi + Si 

Z2-S*2_ 
26 ^ 



26\ 



(5.1) 



where S^s are arbitrary c- numbers and 

2 



c 



(5.2) 



Equation (5.1) gives the general solution of the constraints (3. 28b), (3. 29), with the center of 
mass collective coordinates set to zero, Zi = Z2 = Zi = Z2 = 0. The unconstrained collective 
coordinates Si and S* give the center of the first instanton; the second instanton is centered at 
{—Si, —S*). The 2-instanton moduli space is 8-dimensional as required, and is spanned by four 
Z's and four S^s. As shown in [19], after separating the center of mass, the relative moduli 
space is given by the Eguchi- Hanson manifold (which is non-singular even at the origin where 
the two point-like U{1) instantons coincide). 

In the dilute instanton gas limit \Si\ 00, the expression on the right hand side of (5.1) 
clearly splits into two single-instanton expressions: 



A. 



f^/C Z2-S2 Zi-5i6\ 



-(^1 - S*i) Z2-S*2 





In the opposite limit of coincident instantons. Si 







/ 


+ 











y - 


— > 0, and a 


-Vc\2 , 











(5.3) 



0, and a — > 0, 6 — > 1 in such a way that 

' + |A2r = l. (5.4) 



Here the Ai and A2 are the collective coordinate which describe the three angles of the direction 
in which the two instantons have approached each other. This coincident 2-instanton solution 
was studied in [15]. 
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We expect that the general 2-instanton ASD configuration is a regular solution to the ASD 
equation which gives a local minimum of the action S = IGn^/g^ and has topological charge 
Q = —2. Then it can contribute to the functional integral and is semiclassically relevant. The 
topological charge of the coincident solution was studied in [20] where it was concluded that Q 
is not integer and is in general moduli-dependent. If true, this would make the instanton action 
moduli-dependent which would conflict with the statement that instantons are local minima of 
the action. We have redone the calculation of [20] and found Q — —2. 

To simpHfy things a little we fix the angle of approach as in [20], Ai = 1, A2 = 0. The 
corresponding A and A matrices are: 



A = 



/ 







\ 







-Zl 












-Zl 







Z2 





WC 


Zl 





Z2 J 



/ Z2 Zl ^/C\ 

Z2 Zl 

-Zl ^2 
\^ -v^ -Zl Z2 J 



(5.5) 



The unnormalized matrix Uq, which solves AUq = 0, is given by 

/ ^((^1^1 + Z2Z2){ZlZi + Z2Z2 - C/2) + CZ2Z2)\ 



V 



VCZ2Z1 

-Z2{ziZi + Z2Z2 + C/2) 

\/CziZi 
-Zi{ziZi + Z2Z2 - c/2) 



(5.6) 



This expression annihilates two states: |0, 0) and |1,0), which have to be projected out as in 
(4.4),(4.6), 



U = Uo(3pU^ , UU=1 , 
where (3p is the normalization factor. 



(5.7) 



^J[{ziZi + Z2Z2){ziZi + Z2Z2 + C/2) - C^l^l] [{ZlZl + Z2Z2 + c/2) (^1^1 + Z2Z2 + 2C) - C^i^i] 

(5.8) 

and the projector p is given by p = 1 — |0, 0)(0, 0| — |1, 0)(1, 0|. 

The factorization condition (3.15) is automatically satisfied and 



C + ZiZi + ^2^2 VCZi 

^/C,Zl 2C + Z1Z1+ Z2Z2 



(5.9) 
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which can be inverted as follows: 



/ 



"l+"2+5 



(ni+n2+2)(ni+n2+5)-2(ni+l) (ni+n2+2)(ni+n2+5)-2(ni+l) 



\ (ni+n2+4)(ni+n2+l)-2ni 



?tl+"2 + l 



J 



(5.10) 



(ni +n2+4) (ni +n2+l) -2ni 

where we have set C = 2 and introduced the SHO occupation numbers rii — ziZ\ and n2 — Z2Zi. 



We can now evaluate the field strength (3.19) and represent the topological charge Q as 
a trace over "pH. We have obtained an analytic expression for the topological charge density 
identical to the expression in Eq. (31) of [20]. To determine the topological charge Q, we 
evaluated the corresponding trace by summing over the SHO occupation numbers (ni,n2) 7^ 
(0,0) 7^ (1,0). We performed this double infinite sum numerically in Maple sampling over 
40,000 points (711,^2). Our result is 

Q ~ -1.99987 - -2 , (5.11) 
which is different from the numerical calculation of [20]-versions 1-3 which gave —0.932. 



5.2 X R2 



In order to construct a regular C/(l) 2-instanton solution on R^^-, x R^ we look for an ADHM 
matrix [/ of the form (4.12) 

U = C/o/3t,t ^ UU^l . (5.12) 
where Uq is now given by (cf. (5.6)) 

/ :^[(^l^l + ^2^2)(2;i^l + Z2Z2 - C) + C^2^2]\ 
Uq = -Z2{ziZi + Z2Z2) ■ (5.13) 

VCziZi 

\ -zii^ih + Z2Z2 - C) I 

(3 is the corresponding normalization factor and g'^ is a singular gauge transformation to be 
determined shortly. It is easy to see that Uq annihilates the states |0) and |1) at the point 
2:2 = = ^2- The gauge transformation g'^ will now be determined from the singular part of 

/ \ 



^0/5= -ft (|0)(0| + ^|1)(1|) +■••, (5.14) 
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where the dots stand for terms regular in the 2^2 —> hmit. Therefore, the singular gauge 
transformation which removes this singularity is given by 

^t = ^(|0)(0| + |l>(l|) + J]|n)H, (5.15) 

' ' n>l 

and leads via (5.12) to a regular 2-instanton on R^c x R-^- Again, the instanton number is 
equal to minus two as a consequence of (3.40). 



6. U(N) instantons 



6.1 Commutative ASD instanton 



Before addressing noncommutative instantons, we first recall the ADHM construction of the 
standard ASD 1-instanton solution in commutative U{N). The ASD 1-instanton is determined 
from the ADHM matrices (3.11) subject to the constraints (3.28b) and (3.29) with C = 0. 
Eq. (3.28b) says that is real. 



after which Eq. (3.29) with C = collapses to 



2 rd 



(6.1) 



(6.2) 



The quantities p and Xn will soon be identified with the instanton scale size and space-time 
position, respectively. It is convenient to put w in the form: 



pU 



[jv]x[iV] 



0[JV-2]x[2] 
l[21x[2] 



Ite 



U{N) 



U{l)U{N-2) 



(6.3) 



Setting U = 1 initially, we find for A and / : 

0[JV-2]x[2] 
MJV+2]x[21 = I P • l[2]x[2] 
yi2]x[2] 



^2 _|_ p2 ' 



(6.4) 



with y — X — X . We now solve (3.12), (3.13) and determine the normalized matrix U: 

^lrw_2i vrw-2i ^ 



[Af+2] x [N] 



'-[-'V-2]x[Ar-2] 



y 0[2]x[iV-2] 



y (y +p ) 





1/2 



-L[2]x[2] 
1/2 _ 

y[2]x[2] y 



(6.5) 
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The gauge field then follows from Eq. (3.14): 

'0 



n / 

Here A^'^^^^ is the standard singular-gauge SU (2) anti-instanton [36,41] with space-time position 
, size p and in a fixed iso-orientation: 



For a general iso-orientation matrix IL we obtain instead 



^<^> (6.8) 



) X U{N - 2) 



We see that the instanton always lives in an SU (2) subgroup of the SU (N) gauge group. An 
explicit representation of this embedding is formed by the three composite SU (2) generators 

{tX. = p-'^uAr%y^'., c= 1,2,3. (6.9) 



6.2 ASD instanton in the SD background on R^,-, 

The ASD 1-instanton in the SD-^ background in the noncommutative U{N) theory is charac- 
terized by the ADHM matrices (3.11) subject to the constraints (3.28b) and (3.29). For the 
case at hand with k — 1 these constraints are solved by choosing the N x2 matrix w in (3.23a) 
in the form: 



/ Om-2^ 



'^lN]xl2] — 'U.[JV]x[Ar] 



[JV-2] '•J[N-2] 



where p denotes the instanton size, and lX[jv]x[]v] specifies the embedding of the U{2) subgroup 
into the gauge group U{N). The expression in (6.10) gives the general solution of the ADHM 
constraints. It follows from (6.10) that for A?^ > 2 the U{N) noncommutative instantons are 
essentially given by the U{2) noncommutative instantons. The fact that the building blocks 
for the noncommutative instantons gauge fields are the 2x2 matrices in the group space, just 
as in the ordinary commutative case, is non-trivial. One might have expected that, since there 
are noncommutative U{1) instantons, two types of building blocks for noncommutative U{N) 
could exist: [/(2)-instantons and [/(l)-instantons. We will see that the f/(l)-instanton building 
blocks appear inside the U (2) blocks when the instanton size p shrinks to zero. 
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To keep expressions simple, from now on we set U[;v]x[jv] 
positioned at the origin is determined from: 



1. In this case the instanton 



0[JV_2] 


0[Ar-2]'^ 





P 







^2 






Z2 ) 



[JV-2] 



[JV-2] P 



Z2 Zi 



— Zi Z2 , 



(6.11) 



Since the instanton configuration is concentrated in a U{2) factor of the gauge group, we will 
set N — 2 from now on. The factorization relation follows and 

1 



/ 



(6.12) 



ZiZi + Z2Z2 + + C 

There arc two interesting special cases to notice. First, when ^ 0, Eqs. (6.11)-(6.12) collapse 
to the defining equations for the ordinary commutative BPST instanton (sec section 2.3 of [34] 
for a review). On the other hand, we can consider the limit p 0, with ( fixed. In this case 
Eqs. (6.11)-(6.12) collapse essentially to the U{1) instanton case (4.1)-(4.2). Thus we conclude 
that the regular U{1) instantons arise in the limit of instanton sizes going to zero. 



An ansatz for the unnormalized matrix Uq was given in [15]: 



{ziZi + Z2Z2 + C) 
z\Z\ + Z2Z2 



^121+^2^2 



21ZI+22Z2+C 



AC/o = . 



(6.13) 



As in the C/(l) case, it is easy to see that C/q annihilates the vacuum C/o|0, 0) = 0, which has to 
be projected out as in (4. 4), (4. 6). The normahzation factor is given by 



= p 1 



[2] X [2] 



'f/t^/g ■ ■ a/ [ZxZl + ^22:2) (^1^1 + ^2^2 + C + P^ 

However it is easy to check that a C/ of the form (4.4) 



(6.14) 



(6.15) 



does not satisfy the completeness condition. To see this, let us first give the expression A/A^ 
It is 

f pV -pfzi pfZ2 \ 

(C + P')/ ^/cT7fz2 VC + ^fzi 



A/A 



-pZlf a /C + P^ ^2/ ^2/^2 + ZifZi Z2fZi - ZifZ2 
V P^s/ \/C + P^Zif ZifZ2 - Z2fZi ZifZi + Z2fZ2j 



(6.16) 
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Now acting on the state (0, 0|, we have 



{0,0\UU^ 



/ \ 



(6.17) 



7 



Obviously the completeness relation is not satisfied! Notice that an ansatz of the form (4.4), 
where there is an overall factor of the shift operator n"!", works well for the case of U{1). There 
is no reason to restrict oneself to this form^^ for higher U{N). Indeed a more general solution 
which does not take this form can be written down, 



U 







{ZiZ i + Z2Z 2)/3pU^ 
-\/C'+^Z2PpU^ pZi 





1 



(Zl 21+2222+0(21 21 +2222+P^+C) 



, -VC + p'^ZiPpU'' -pZ2 /, . ^ . ^^,1 - ^ - ^ 2^r^ ; 

\ y (2121+2222 +0(2121+2222+^-^+0/ 



(6.18) 



A special feature of this solution is that the shift operator appears only in the first column 
of U, where /3p appears. It is not difficult to show that this is indeed a general feature for the 
form of U in the nonabelian case. 



It is easy to check that (6.18) satisfies 

AC/ = 0, C7C/ = lp]x[2,. 
Moreover one can check that the ADHM completeness relation (3.16) 

A/A 

is satisfied, and the field-strength is anti-selfdual. 



(6.19) 



(6.20) 



We further note that at large distances ZiZi ^ (6.18) coincides with the matrix U of the 
commutative instanton (6.5). It follows that at distances large compared to noncommutativity 
scale, the noncommutative instanton gauge field coincides with the commutative instanton in 
the singular gauge (6. 6), (6. 7). On the other hand, at short distances the noncommutativity 
parameter ^ regulates the short-distance singularity in (6.7). Hence we get a regular noncom- 
mutative ASD instanton which at large distances looks like the BPST instanton in the singular 
gauge. This means that the LSZ reduction formulae can be applied as usual to the functional 



^^In fact it is easy to find a zero mode of P which cannot be written as Uq{i3pU^s)). This zero mode is given 
by Unew ^|Q^Q^^ ' ■^lisre J7new refers to the right hand side of Eq. (6.18). 
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integral representation of the instanton Green functions for calculating instanton contributions 
to effective actions (see e.g. [38]). 



Finally we calculate the topological charge Q. Using (3.10) and (3.19), it is easy to obtain 
TrjvF^ = -16Tr(A2 + + - 2BC)f, (6.21) 

where we have denoted 

hTTTTh ^(^P^^ Oz2ppZ2 + P^zifgzi {p^ + C)^2/5p^i - p^Zifgz2\ ^ ( A B\ 

W + C)zi(^lz2 - p'z,fgz, (p2 + QziP'.z, + p'z,fg-zj ' dJ ^^"^^^ 

and 

^ ZiZi + ZiZi + C ^) 

Substituting (6.21) into the definition (3.2), we find 



^ 4(iV+i; 



^^N{N + 2a2 + 2f{N + 2a? + l)2(iV + 2)(iV + 2a'^ + ?>f{N + 2a'^) 

X (748a^iV2 + UAa^N + 350a2A^^ + 332a^A^ + 22,{)a^N^ + 62a2iV^ + 432a^iV + 272a^Ar 

+ 716 a^iV^ + 304a*iV2 + 406a^iV3 + 280a^iV^ + 84a^iV^ + AM^^N^ 

+ 72a^Ar3 + Ua^^N + 6a2Ar5 + ea^AT^ + 36a^A^^ + 36iV - 296a^ - 160a^ 

- 32a^° + 37A^^ - 72a^ - 240a^ + mN"^ + A^^ + lOA^^) = -1 , 

(6.24) 

where a = p/^/C, and N = rii + n2- Note that the dependence on the instanton modulus 
p disappears in the final answer. Here we disagree with the results of [20]-versions 1-3 which 
reported p-dependence in Q for the case at hand. Our result (6.24), as expected, is in agreement 
with general argument of §3.3 that \Q\ — k. 



6.3 SD instanton in the SD background on 



Here we investigate the SD 1-instanton solution of the U (N) noncommutative theory in the 
SD-^ background. This solution has been previously studied in [17]. 

Without loss of generality, we specialize here to the minimal case of gauge group U (2). The 
matrix A is determined by solving the unmodified ADHM constraints (3.26) and reads: 
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/ p o\ 

p 

\-Zl Zij 

The factorization relation follows, and 

/ 



P^ Z2 -Zi 
p Zi Z2 



(6.25) 



ziZi + Z2Z2 + p^ + C/2 
The normalized matrix U can now be constructed directly: 



(6.26) 



U 



-Zl 



ZiZl+Z2Z2+p'^ 



-Z2 



1 



ZlZl+Z2Z2+(+p'^ 





V 



Z1Z1+Z2Z2+P^ 

^ ZlZl+Z2Z2+C-f^ / 



AC/ = , [/[/=!. 



(6.27) 



Note that in the SD/SD case at hand there are no states annihilated by U and no shifts 
operators are introduced in (6.27) in distinction with the ASD/SD cases considered earher. 

One can check with a straightforward calculation that the ADHM completeness relation 
(3.16) is satisfied, 1 — UU = A/A; the field-strength is selfdual, giving rise to an instanton 
number Q = 1 by the Corrigan's identity. 

Now wc want to investigate the behaviour of the SD instanton at large distances, ZiZi ^ (, 
where noncommutativity can be neglected. It follows from (6.27) that in this limit the non- 
commutative instanton coincides with the commutative BPST instanton in the regular gauge. 



+ p^ 



(6.28) 



It is interesting to compare this SD/SD instanton with the ASD/SD solution discussed ear- 
lier. While the former approaches the regular-gauge BPST instanton, the latter tends to the 
singular-gauge BPST anti-instanton. One might wonder if it is possible to gauge-transform 
the SD/SD instanton in such a way that it tends to the singular-gauge BPST SD instanton. 
In the commutative set-up one can always pass from the regular-gauge SD instanton to the 
singular gauge SD instanton with a singular SU{2) gauge transformation, — x^a'^ j \fx^ . 
The noncommutative generalization of S'^ is 



Z2 Zl 
-Zl Z2 



zizi ■\- Z2Z2 + (,12 



(6.29) 
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It is easy to see that this is not a unitary operator, 

55t = l. 5tS=(l-l7<°-''l °) , (6.30) 

hence is not an allowed gauge transformation on the Hilbert space H. 

The LSZ reduction formulae cannot be applied directly to the gauge field component An 
of the SD/SD instanton, since it does not fall off sufficiently fast at large distances. However 
the LSZ amputation rules can still be applied to the field strength and to the scalar-field and 
fermion-field components of the instanton supermultiplet. This is all what is required in e.g. 
deriving instanton contributions to the Seiberg-Witten prepotential in the commutative [38] 
and the noncommutative case [11]. 



6.4 Instanton on R^,^ x 



Finally we present the normahzed ADHM matrix U for the case of R^c x R-^ (cf- (6.18)): 
/ 

(2:1^1 + Z2Z2)P 



u = 



Z1ZI+Z2Z2+C 
ZlZl+Z2Z2+p^+C 



\ 







^-VC+^ziP -pz2 



{ziZl+Z2Z2+0i^l^l+^2Z2+p'^+0 




1 



(6.31) 



■\/ {ziZl+Z2Z2+(;){ziZl+Z2Z2+p^+C) ) 



which leads to a regular instanton. Here is the same singular C/(l) gauge transformation as 
in (4.14) and the normahzation factor /3 is (cf. (6.14)): 



1 



''''''''' V (2:1 2:1 + ^22:2) (2:1 + Z2Z2 + C + p^) 

Again the topological charge is equal to minus one as a consequence of (3.40). 



(6.32) 
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